The electromagnetic modes and the resonances of homogeneous, finite size, two-dimensional bodies are examined in the frequency domain by a rigorous full wave approach based on an integro-differential formulation of the electromagnetic scattering problem. Using a modal expansion for the current density that disentangles the geometric and material properties of the body the integro-differential equation for the induced surface (free or polarization) current density field is solved. The current modes and the corresponding resonant values of the surface conductivity (eigen-conductivities) are evaluated by solving a linear eigenvalue problem with a non-Hermitian operator. They are inherent properties of the body geometry and do not depend on the body material. The material only determines the coefficients of the modal expansion and hence the frequencies at which their amplitudes are maximum (resonance frequencies). The eigen-conductivities and the current modes are studied in detail as the frequency, the shape and the size of the body vary. Open and closed surfaces are considered. The presence of vortex current modes, in addition to the source-sink current modes (no whirling modes), which characterize plasmonic oscillations, is shown. Important topological features of the current modes, such as the number of sources and sinks, the number of vortexes, the direction of the vortexes are preserved as the size of the body and the frequency vary. Unlike the source-sink current modes, in open surfaces the vortex current modes can be resonantly excited only in materials with positive imaginary part of the surface conductivity. Eventually, as examples, the scattering by two-dimensional bodies with either positive or negative imaginary part of the surface conductivity is analyzed and the contributions of the different modes are examined.
I. Introduction
In the last ten years, the rise of two-dimensional materials has attracted a great amount of interest in the field of plasmonics and photonics (e.g., [1] - [3] ). These materials constitute an attractive platform for the engineering of light-matter interactions across the visible, infrared, and terahertz spectral ranges, with new optical control beyond what can be done with bulk materials (e.g., [4] - [7] ). In terms of electrical properties, they range from the insulating hexagonal boron nitride and semiconducting transition metal dichalcogenides, to semi metallic graphene. They include multilayers, heterostructures and layered thin films whose thicknesses vary from one atomic layer to tens of nanometers. In general, when the thickness of the body is much smaller than the other two linear dimensions and than the wavelength of the electromagnetic field, only the in-plane electromagnetic response of the material is important and the electromagnetic scattering can be modeled by considering the body as two-dimensional (e.g., [8] ).
The understanding of the resonant electromagnetic behavior of a body is a fundamental prerequisite for the engineering of the electromagnetic field-matter interaction. As far as we know this paper studies, for the first time, the modes and the resonances in the electromagnetic scattering from two-dimensional (2D) bodies by using the full Maxwell equations. Modes and resonances are determined by a rigorous full wave approach that naturally discriminates the role of the geometry, of the material, and of the incident electromagnetic field. This is a promising way to design separately the material, the geometry and the incident field for the desired bodyelectromagnetic field interaction.
When the electromagnetic field is confined within a bounded domain (closed systems) the definition of resonant modes is straightforward. The mathematical model of such problems is characterized by self-adjoint Helmholtz operators leading to a countable infinite set of eigenfunctions, directly related to the resonances of the system. In contrast, when the electromagnetic field occupies the entire space (open systems) the definition of electromagnetic modes and resonance frequencies is more difficult.
The electromagnetic scattering from finite size bodies can be modeled in the frequency domain by means of full wave integral formulations in which the support of problem unknowns is bounded. These formulations, therefore, allow naturally surmounting the difficulties in the analysis of modes and resonances that arise when the spatial domain is unbounded. Different choices of the modes are possible. The quasi-normal modes (e.g., [9] ) as well as the characteristic modes [10] are used to study open systems (e.g., [11] , [12] ). The quasi-normal modes are solution of an intrinsic nonlinear eigenvalue problem. They are not orthogonal in the usual sense; they depend on the material, shape and size of the scattering object. The characteristic modes have been recently evaluated for closed impedance surfaces [13] , [14] . They are real and satisfy a weighted orthogonality. The characteristic modes depend on frequency, the shape, size, and material composition of the scattering object. In this paper the concept of material-independent mode [15] - [17] is applied for the first time to the study of the electromagnetic modes and resonances of an isotropic, homogeneous and not space dispersive 2D bodies. The materialindependent modes allow separating the role of geometry, material and incident electromagnetic field. This fact provides fundamental information on the resonant electromagnetic behaviors of 2D bodies that other approaches hide.
The surface (free or polarization) current density j s induced on the body surface Σ is governed, in the frequency domain, by the full wave integro-differential equation (see Section II.1 for more details)
where σ is the surface conductivity of the body, ζ 0 is the vacuum impedance, ζ 0 L ⋅ {} is the linear integro-differential operator that expresses the tangential component to Σ of the induced electric field as function of the induced current density j s and E inc ! is the tangential component to Σ of the incident electric field. Equation (1) it is nothing but the constitutive relation of the material. It is very important to point out that the linear operator L does not depend on the material surface conductivity. The operator L is not Hermitian due to the retardation, hence its eigenfunctions J n r s ( ) { } are bi-orthogonal and the corresponding eigenvalues 1/ σ n { } are complex (see Section II.2 for more details). The eigenfunctions and the eigenvalues of L only depend on the body geometry and the frequency. In this paper equation (1) is solved analytically by using the eigenfunctions J n { } and the eigenvalues 1/ σ n { } of the linear operator L . The set of eigenfunctions J n { } are used as basis to represent the surface current density. By exploiting the bi-orthogonality of the set J n { } the solution of equation (1) is expressed as (more details are given in Section II.3)
where ⋅ ⋅ denotes the scalar product (defined in (19) ). This formula disentangles the geometric and material properties of the body and effectively predicts the resonant behavior of 2D bodies as their shape, size and surface conductivity vary. The expansion coefficient of the n-th eigenfunction J n is proportional to 1/ σ n −ζ 0 σ ( ) , hence the eigenvalue σ n can be interpreted as the resonant value of the normalized surface conductivity for the mode J n . For these reasons σ n { } are called eigen-conductivities of the material independent current modes J n { } of the 2D body. The real part of σ n is always positive and it takes into account the radiation losses of the current mode, instead the imaginary part may be either positive or negative, depending on the mode and the linear dimension of the body normalized to the wavelength. The mode expansion (2) , in the quasi-electrostatic limit, leads to the quasi-electrostatic modes described in [18] - [21] , and in the weakly "retarded" limit to the corrections for the quasielectrostatic modes proposed in [22] and [23] . However, the approaches proposed in [18] - [23] can be only applied to bodies whose linear dimensions are much smaller than the wavelength. Furthermore, these approaches disregard the presence of magnetic modes. Instead, the solution (2) can be applied for any value of the ratio between the linear dimensions of the body and the wavelength and properly takes into account the contribution of the magnetic modes. The presence of vortex current modes in addition to the no whirling modes that characterizes plasmonic oscillations in metals (called source-sink current modes in the paper) is shown. These modes are disregarded in the approaches proposed in [18] - [23] . The source-sink current modes, in the long wavelength limit, tend to the quasi-electrostatic modes, which characterize the plasmonic oscillations in metals. Instead, the vortex current modes, in the long wavelength limit, tend to the quasi-stationary magnetic modes, which cannot be described by the quasi-electrostatic approaches proposed in [18] - [23] . Unlike the source-sink current modes, in open surfaces the vortex current modes can be resonantly excited only in materials with positive imaginary part of the surface conductivity (i.e., dielectric materials). Cylindrical vector beams (e.g., [24] ) can couple very efficiently with vortex current modes.
In Section II, the electromagnetic scattering problem is first formulated in the frequency domain by means of the integro-differential equation (1) governing the induced surface current density. Then, the general properties of the spectrum of the linear operator L are examined and, at the end, the integro-differential equation (1) is solved analytically by using the eigenfunctions (current modes) and eigenvalues (eigen-conductivities) of L . Analytical expressions of the current modes and eigen-conductivities of an infinite plane are given. In Section III, the current modes and the eigen-conductivities of circles, equilateral triangles, rectangles and spherical surfaces are analyzed in detail. The eigenfunctions and the eigenvalues of L are evaluated numerically by applying a finite element method (details are reported in the Supplementary Materials). In Section IV eventually, the resonance behaviors of the scattering from 2D materials with either positive or negative imaginary part of the surface conductivity are examined. The solution (2) is validated by means of full wave numerical codes by comparing the scattering cross sections of a graphene disk and of a silicon disk.
II. Electromagnetic scattering
A thin body illuminated by a time harmonic electric field Re E inc r
the position vector of a generic point of space with the origin at a given point). The body material is linear, isotropic, homogeneous and not space dispersive. The thickness Δ of the body is smaller than its other two linear characteristic dimensions and than the wavelength of the electromagnetic field. In this limit only the in-plane electromagnetic response of the material is important and the body may be treated as it is two-dimensional (e.g., [8] ). A 2D material may be characterized in the frequency domain either by the optical dielectric constant ε ω ( ) or, equivalently, by the optical surface conductivity
In this paper the surface conductivity is used. A simple analytical representation of the surface conductivity is σ ω
where the first (Drude) and second (Lorentz) terms represent, respectively, the contribution of the free and bound (polarization) charges. The surface conductivity of different 2D materials can be modeled with a suitable choice of the parameters: the weights S f and S b , the exciton/phonon frequency ω b and the phenomenological relaxation times τ f and τ b (see in references [6] and [7] ). The sign of the imaginary part of the surface conductivity depends on the material and on the frequency, while the real part is always positive for passive materials. For conducting materials the imaginary part of σ is always negative in the frequency ranges where the effects of interband transitions are negligible. For dielectric materials, the imaginary part of σ may be either positive or negative depending on the frequency. For examples, in suspended high doped (gated) single layer graphene (with chemical potentials of the order of hundred of meV ) it results R 0 σ ≈ −5i in the far and mid infrared ranges where R 0 = π! / e 2 ≅19.9 kΩ (e.g., [26] ), while in single layer transition metal dichalcogenides it results R 0 σ ≈ +5i in the near infrared range (e.g., [26] , [27] ).
II.1 Mathematical model
The surface of the 2D body is denoted by Σ , r s is the position vector of a generic point of Σ and n is the normal to Σ . The electromagnetic scattering by the 2D body is modeled by the integro-differential equation for the induced surface current density j s r s ( ). The constitutive relation of the 2D material is
where ! T is the projector that extracts the tangential component of the electric field E r ( ) to the oriented surface Σ ,
On Σ a surface charge arises whose density amplitude ρ s is given by
where ∇ s ⋅ denotes the surface divergence operator on Σ . The electric field is expressed as E = E inc + E scat where E scat r ( ) is the amplitude of the electric field scattered by the object. Equation (5) expresses j s in terms of the electric field E through the surface conductivity of the material. On the other hand, the scattered electric and magnetic ( H scat r ( ) ) fields can be expressed in terms of j s by the electromagnetic potentials in the Lorenz gauge,
where ε 0 is the vacuum permittivity, µ 0 is the vacuum permeability, G f
g r ( ) is the retarded Green function in vacuum
r = r , k = ω / c 0 and c 0 is the vacuum light velocity. The first term on the right hand side of equation (8) is the contribution of the electric scalar potential to the electric field, while the second term is the contribution of the magnetic vector potential. By combining (5) and (8), the integro-differential equation (1) 
( ) is the projection of the incident electric field onto the surface Σ ,
and ζ 0 is the impedance of vacuum. The integro-differential equation (1) is solved with the boundary condition
where ∂Σ is the contour of Σ and m is the outgoing normal to ∂Σ belonging to Σ . This condition arises from the requirement that the average energy of the scattered electromagnetic field must be limited. Once the induced current density has been evaluated by solving equation (1) with the boundary condition (14) , the expressions (8) and (9) allow to evaluate the scattered electromagnetic field everywhere.
II.2 Auxiliary eigenvalue problem
Since the spectrum of the operator L is countable infinite, the integro-differential equation (1) can be reduced to an algebraic form by using, as basis functions for representing the surface current density, the eigenfunctions of L that satisfy the boundary conditions (14) . Therefore, the linear eigenvalue problem
is introduced, where σ n is the "eigenvalue" associated to the eigenfunction J n and n = 1,2,...
(for a reason that will be highlighted in the following, the reciprocals of the eigenvalues have been considered). The eigenvalues σ n { } and eigenfunctions J n { } are dimensionless quantities.
In particular, for a given surface Σ , they only depend on its characteristic linear dimension l c , i.e., the radius of the smallest sphere enclosing the surface Σ , and on the wavenumber k through the normalized size of the body kl c = 2π l c / λ ( ); λ is the vacuum wavelength.
The eigenvalues and the eigenfunctions of the operator L are characterized by the following important properties.
I. The eigenvalue σ n is related to the electromagnetic field E n ,H n ( ) generated by the current density field J n . Indeed, it results that
where
W n mag ( ) and W n ele ( ) are, respectively, the averaged magnetic and electric energies associated to
and S n is the averaged power radiated toward the infinite,
The electric field E n r ( ) and the magnetic field H n r ( ) can be evaluated by the expressions (8) and (9) 
and
is the static Green function in vacuum. In this case, the effects of the magnetic field are negligible; hence the electric field has an electrostatic character. The linear operator E 0 ( ) is skew-
( ) is Hermitian), thus its eigenvalues are purely imaginary and the eigenfunctions associated to distinct eigenvalues are orthogonal with respect to the scalar product (19) . Therefore, for kl c → 0 the eigenvalues of the non-solenoidal eigenfunctions of the operator L are given by σ n kl c
where α n are the eigenvalues of the linear and Hermitian operator l c
real, positive and independent of k and l c . This is the electro-quasi static limit in which the eigenfunctions of L are both non-solenoidal and irrotational and the corresponding eigenvalues are purely imaginary with negative imaginary part. The electro-quasi-static limit characterizes the plasmon oscillations in conducting materials. III. In the long wavelength limit for the solenoidal eigenfunctions (namely,
The linear operator M U j s { } , which are real, positive and independent of k and l c . This is the magneto-quasi-static limit in which the eigenfunctions are both solenoidal and rotational. IV. Due to the retardation effects, the linear operator L is not anti Hermitian. As consequence its eigenvalues are complex with real parts different from zero and the eigenfunctions associated to distinct eigenvalues are no longer orthogonal, that is, J m J n ≠ 0 for m ≠ n . Nevertheless, the symmetry of the operator L implies that (the eigenfunctions are normalized)
V. Let us now consider an infinite plane surface Σ . In this limit, the spectrum of L becomes continuous, and its eigenvalues and eigenfunctions can be evaluated analytically by using the 2D Fourier transform and the convolution theorem. The eigenfunctions are J q r s
is the 2D Fourier transform of g r s ( ) , and q = q . For q ≥ k the function ! g is real and it describes evanescent waves in the orthogonal direction to the surface Σ with decay length 1/ q 2 − k 2 . While for q ≤ k the function ! g is imaginary, with negative imaginary part, and it describes waves radiated toward infinite with wavenumber k 2 − q 2 , which remembers the well known leaky waves (e.g., [28] ). The vector U q is decomposed in the component U q ! , parallel to q , and the component U q ⊥ , orthogonal to q . Both U q ! and U q ⊥ are solutions of equation (31) whose eigenvalues are, respectively,
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The eigenfunctions J q ! are curl free, while the eigenfunctions J q ⊥ are divergence free. In the long
equations (26) and (28), respectively. Furthermore, in the short wavelength limit k / q → ∞ , it
The physical and mathematical meaning of eigenvalues and eigenfunctions of L is the following. The operator ζ 0 L expresses the tangential component of the scattered electric field to Σ in terms of the induced surface current density. Consequently, the eigenfunction J n is the distribution of the surface current density that coincides with the tangential component to the surface Σ of the electric field it generates, apart from the multiplicative factor 1/ σ n . Therefore, the eigenvalue σ n is the value that ζ 0 σ should have so that the corresponding eigenfunction J n is a source free solution of equation (1). Since the eigenvalue σ n is complex and has negative real part because of the radiation losses, an active medium is required to excite the current mode J n .
In spite of that, the mathematical importance of the current modes J n { } stems from the fact that they are a basis to represent the solution of equation (1) with the boundary condition (14) . In particolar, the property (29) is very important because it allows to solve equation (1) in a closed form. The surface current density is given by expression (2). The expansion (2) reveals the important physical mechanisms involved in the electromagnetic scattering and can greatly improve the way it is understood and optimized. The surface conductivity enters through the
) . For passive materials, i.e., Re σ { } > 0 , the denominators in (2) cannot vanish because Re σ n { } < 0 and the maximum of the current mode amplitude is finite.
By using active materials, σ n ωl c / c 0 ( ) −ζ 0 σ ω ( ) could be reduced, in principle, at will. For assigned geometry and surface conductivity σ ω ( ) it is clear that, if J n * E inc ! ≠ 0 , the amplitude of the current mode J n increases as ζ 0 σ approaches σ n . In this view, denoted as "frequency picture", the resonance frequency is the value of the frequency for which
This picture requires that both J n * E inc ! ≠ 0 and J n vary very slowly on the frequency in the neighbors of the resonance frequencies. This occurs for the investigated scenarios. It is possible to introduce a complementary view, denoted as "material picture", where the geometry and the operating frequency are assigned and Γ = ζ 0 σ is considered as an independent parameter. The resonant conductivities are defined as the values of Γ for which
The material picture is particularly relevant because the conductivity of some 2D materials can be tuned chemically, electrostatically and by applying a magnetic field.
In the paper, for these reasons, the eigenvalue σ n is called resonant surface conductivity of the current mode J n normalized to the vacuum characteristic admittance 1/ ζ 0 or briefly it is called eigen-conductivity. The actual resonant frequency of the current mode J n is obtained by matching its resonant surface conductivity with the surface conductivity of the material according to equation (35). Once j s has been computed by using (2), the scattered electric and magnetic fields can be evaluated by expressions (8) and (9), respectively.
III. Analysis of current modes, eigen-conductivities, resonances and scattering
The electromagnetic field scattered by a body depends on its shape, size, and material, as well as, on the incident electromagnetic field. The shape and the normalized size of the body determine the current modes and the corresponding eigen-conductivities. The material of the body determines the amplitudes of the current modes for a given incident field according to expression (2) . The current mode J n is resonantly excited if the frequency satisfies equation (35), provided
The material losses and the radiation losses determine the amplitude and the width of the resonance peaks. In this Section, the current modes and the corresponding eigen-conductivities of some canonical surfaces either open (circles, triangles, rectangles) or closed (spherical surfaces) are analyzed in detail. They are applied to the study of the resonances in the electromagnetic scattering from 2D materials with either positive or negative imaginary part of the surface conductivity and the contributions of the different current modes are examined. Due to some different behaviors the paper distinguishes between open and closed surfaces.
In the long wavelength limit, i.e., kl c → 0 , the eigen-conductivities are purely imaginary and the current modes split in two subsets: i) the current modes that are at the same time nonsolenoidal and irrotational, whose eigen-conductivities have negative imaginary part; ii) the current modes that are at the same time solenoidal and rotational, whose eigen-conductivities have positive imaginary part. Sources and sinks characterize the field lines of the non-solenoidal and irrotational current modes, whereas loops characterize the field lines of the solenoidal and rotational current modes. Retardation effects give arise to non-solenoidal components that transform loops in vortexes. For these reasons, in the paper this classification is adopted. The current modes that in the long wavelength limit tend to non-solenoidal and irrotational fields are called source-sink current modes and the current modes that in the long wavelength limit tend to solenoidal and rotational fields are called vortex current modes. For the investigated scenarios each source-sink current mode preserves the number of sources and sinks as the normalized size of the body varies and each vortex current mode preserves the number of vortexes together with their directions.
The eigen-conductivities and the current modes have been evaluated by applying the Galerkin method and the Rao-Wilton-Glisson (RWG) functions have been used as basis functions to represent the surface current density (details are reported in the Supplementary Materials). These basis functions guarantee the continuity of the normal component of the surface current density to any edge of the finite element mesh. In the following by using the analytical solution for the plane surface (see Section II.2) the behavior of the eigen-conductivities for kl c → 0 and kl c → ∞ are validated. In Section IV, by using full wave numerical codes the solution (2) is validated.
III.1 Current modes and eigen-conductivities of open surfaces
The imaginary part of the eigen-conductivities of the vortex current modes in open surfaces is always positive, whereas for the source-sink current modes it may be either negative or positive depending on the value of the size parameter x . In the following, the principal features of the source-sink and vortex current modes and of the corresponding eigen-conductivities are analyzed for some open surfaces: circles, equilateral triangles and rectangles with different aspect ratios. We consider, besides the current modes and the corresponding eigen-conductivities, also the amplitude of the dipole moment of the current modes,
and the surface average of ∇ s ⋅J n ,
The length l is defined in the following. The quantity P n gives a measure of the electric dipole moment associated to the current mode J n , while the quantity D n gives a measure of the average charge density. For these reasons, in the following we call P n amplitude of the "electric dipole moment" and D n average "charge density" associated to the current mode J n .
A) Source-sink current modes
The imaginary part of the eigen-conductivities of the source-sink current modes is always negative in the long wavelength limit. In this limit the source-sink current modes accounts for the plasmonic oscillations in 2D conducting materials. The eigen-conductivities of the source-sink current modes and the mode themselves are labeled in such a way that in the long wavelength limit it results Im σ 1
The source-sink current modes and the corresponding eigen-conductivities of the circle and of the equilateral triangle are first analyzed. The radius of the circle and the length of the side of the triangle are indicated with the same symbol l . In the Supplementary Materials, the sourcesink current modes and the eigen-conductivities of a rectangle with different values of the aspect ratio are examined in detail. Here only the main conclusions are given. Tables I and II give the values of the eigen-conductivities of these modes. As expected, at l / λ = 10 −2 the real part of the eigen-conductivities is negligible compared with the corresponding imaginary part. In the "retarded" cases l / λ = 1 and l / λ = 5 , instead, the real part of the eigen-conductivities is of the same order of magnitude or larger than the imaginary part. Tables III and IV give the amplitudes of the electric dipole moment and the average charge densities associated to the first four source-sink current modes. The modes are normalized according to equation (29) .
The loci of the eigen-conductivities are open spirals that start at the point 0,0 ( ) of the complex plane for x = 0 and move to the third quarter as x increases according to the general properties (26) and (17): both the real and the imaginary parts of the eigen-conductivities become negative and decrease. In particular, the eigen-conductivities tend to zero for x → 0 according to −ix / α n (equation (19)). Tables V and VI give the values of the parameters α n for the circle and for the equilateral triangle. They only depend on the shape of the body (they do not depend on the size). At certain values of x , depending on the specific current mode, the imaginary part of the eigen-conductivity starts to increase and later it changes its sign. The loci cross the real axis, go into the second quarter and end up at the point −2,0 ( ) of the complex plane. As for the infinite plane discussed in Section 2.4, the real part of the eigen-conductivities approaches −2 for x → ∞ and the imaginary part tend to zero but from the positive side. The real part of the eigenconductivities of the source-sink modes is almost equal or less than −2 when the imaginary part is positive. In these circumstances, the radiation losses of the source-sink current modes are very important.
For the circle at l / λ = 10 −2 (Figures 3) the source-sink current modes 1&1' have a strong electric dipolar character, the modes 2&2' have a quadrupolar character and the modes 3&3' have a sextupolar character. These modes are degenerate because of the circular symmetry. The field lines of the mode 4 (the first non degenerate mode) are radial. The number of sources and sinks of these modes are conserved as l / λ increases (see Figures 3-5 ) and the field patterns are almost preserved. In particular, as l / λ increases the field lines of these modes penetrate toward the center of the circle.
The amplitude of the electric dipole moment of the source-sink modes 1&1' is large, and it is almost constant as the size parameter x varies (Table III) Table I . Eigen-conductivities (the first three digits are given) of the first four source-sink current modes of the circle shown in Figures 3-5 ; l is the circle radius and λ the wavelength in vacuum. 
l is the circle radius and λ the wavelength in vacuum.
5.4⋅10 
is the triangle side and λ the wavelength in vacuum.
In the modes 2, 3&3' and 4&4', sources and sinks are also located inside the triangle and along the edges. The number of sources and sinks are also conserved as l / λ increases ( Figures   6-8 ), but the field patterns change. In particular, the sources and the sinks that in the long wavelength limit are located in correspondence of the corners and edges of the triangle penetrate into it as l / λ increases. The amplitude of the electric dipole moment of the modes 1&1', 3&3' and 4&4' is different form zero and vary weakly as l / λ increases. The amplitude of the electric dipole moment of the mode 2 is always negligible. Moreover, the absolute value of the real part of the eigen-conductivity may assume very large values for the modes 2&2', which have high radiation losses. Until now only surfaces whose two characteristic linear dimensions are equal (the circle and the equilateral triangle) have been examined. Now a rectangle is considered and the main difference with respect to a square is briefly highlighted (a detailed description is given in the Supplementary Materials). The behaviors of the source-sink current modes and the eigenconductivities of a square (namely, a rectangle with aspect ratio equal to one) are very similar to those of a circle. In particular, the first two current modes have a strong electric dipolar character and are degenerate: their electric dipole moments are directed along the two sides of the square. In a rectangle this degeneracy disappears. The first two degenerate modes of the square split into two non-degenerate modes with a strong dipolar character: a low energy mode whose electric dipole moment is parallel to the long side of the rectangle and a high energy mode whose electric dipole moment is parallel to the short side. High order electric dipolar modes with dipole moments parallel to the long side are between them in terms of energy and their number increases as the aspect ratio of the rectangle increases. They feature current fields oscillating along the long side with either even or odd parity. In the limit of very high aspect ratio the source-sink current modes of the rectangle resemble the modes of a quasi-1D structure [29] . Table V . Parameters α n and β n for the circle. The parameters α n enter in the expression (26) , which gives the eigen-conductivities of the source-sink current modes in the long wavelength limit. The parameters β n enter in the expression (28) , which gives the eigen-conductivities of the vortex current modes in the long wavelength limit. Table VI . Parameters α n and β n for the equilateral triangle. The parameters α n enter in the expression (26) , which
gives the eigen-conductivities of the source-sink current modes in the long wavelength limit. The parameters β n enter in the expression (28) , which gives the eigen-conductivities of the vortex current modes in the long wavelength limit. Table I , the amplitudes of the electric dipole moments and the averaged surface charge densities are given in Table III Table I , the amplitudes of the electric dipole moments and the averaged surface charge densities are given in Table III Table I , the amplitudes of the electric dipole moments and the averaged surface charge densities are given in Table III Table II , the amplitudes of the electric dipole moments and the averaged surface charge densities are given in Table IV Table II , the amplitudes of the electric dipole moments and the averaged surface charge densities are given in Table IV l / λ = 10 
1.88⋅10 
is the circle radius and λ the wavelength in vacuum.
5.1⋅10 
l is the triangle side and λ the wavelength in vacuum. Table IX , the amplitudes of the electric dipole moments and the averaged surface charge densities are given in Table X Figure 3 .
B) Vortex current modes
Vortex current modes are now examined. In the long wavelength limit, the imaginary part of the eigen-conductivities of these modes is positive. Therefore the vortex current mode and the corresponding eigen-conductivities are labeled in such a way that 0 < Im σ 1 { } < Im σ 2 { } < ... in the long wavelength limit. The vortex current modes and the corresponding eigen-conductivities of the circle and of the equilateral triangle are first examined. Again the radius of the circle and the length of the side of the triangle are indicated with the same symbol l . In the Supplementary Materials, the vortex current modes and the eigen-conductivities of a rectangle with different values of the aspect ratio are examined in detail. Here only the main conclusions are reported.
Figures 11 show the behavior of the eigen-conductivities of the first four vortex current modes for the circle as function of x = 2π l / λ ( ) and Figures 12 show the same loci for the triangle. Unlike the loci of the eigen-conductivities of the source-sink current modes, these loci belong always to the second quarter of the complex plane; therefore the imaginary part of the eigen-conductivities is always positive, while the real part is always negative. For x → 0 the eigen-conductivities tend to +i∞ according to i / β n x ( ) (equation (28)). Tables V and VI give the values of the parameters β n for the circle and for the equilateral triangle. They only depend on the shape of the 2D body (they do not depend on the size). As x increases, both the real and imaginary parts of the eigen-conductivities decrease. The real parts approach −2 , while the imaginary parts tend to zero. This behavior agrees with that of the infinite plane. By summarizing, the loci of the eigen-conductivities of the vortex current modes start from the point 0,+∞ ( ) of the complex plane for x = 0 , stay in the second quarter as x increases and end up into the point −2,0 ( ) for x → ∞ . The real part of the eigen-conductivities of the vortex current modes is confined into the interval −2,0 ( ) . Figures 11-13 show the real part of the vortex current modes 1, 2&2', 3&3', 4 of the circle at l / λ = 10 −2 , l / λ = 1 and l / λ = 5 . Figures 14-16 show the vortex current modes 1, 2&2', 3, 4&4'of the equilateral triangle for the same value of l / λ . The current modes on the same columns are degenerate. Table VII and Table VIII give, respectively, the values of the eigenconductivities of these modes. Tables IX and X give the amplitudes of the electric dipole moments and the average of the surface charge density amplitudes (the modes are normalized according to equation (29)).
As for source-sink current modes, at l / λ = 10 −2 the real part of the eigen-conductivities is always negligible compared with the imaginary part, while in the "retarded" cases, l / λ = 1 and l / λ = 5 , the real part of the eigen-conductivities become comparable or greater than the imaginary part. Moreover, the amplitude of the surface charge density is negligible at l / λ = 10
but it becomes comparable with the amplitude of the surface charge density of the source-sink current modes at l / λ = 1 and l / λ = 5 . For these reasons the field lines of these modes are not loops but vortexes. At last, the amplitude of the electric dipole moment of the vortex current modes 2&2' both of the circle and of the triangle become large at l / λ = 1 and l / λ = 5 .
For the circle at l / λ = 10 −2 ( Figure 11 ) the vortex current mode 1 has a strong magnetic dipolar character. Its magnetic dipole moment is oriented orthogonally to the surface. The vortex current modes 2&2' are composed of two identical sets of current vortexes with antiparallel magnetic dipole moments and the third vortex current modes 3&3' are composed of four identical sets of current vortexes with alternating magnetic dipole moments. The current mode 4 consists of concentric current vortexes in which the direction of the current changes at a certain radius. Due to the circular symmetry the modes 2&2' and the modes 3&3' are degenerate. The electric dipole moment of these modes is negligible (Table IX) . As l / λ increases, the number of vortexes is conserved (Figure 9-11 ) and the shape of the field lines is qualitatively preserved. As for the source-sink current modes the vortex current modes penetrate into the circle. It is interesting to observe that the amplitude of the electric dipole moment of the vortex current modes 2&2' increases significantly as l / λ increases (Table IX) . This property allows the excitation of this mode by a plane wave propagating orthogonally to the circle surface.
As for the circle, the vortex current mode 1 of the triangle at l / λ = 10 −2 has a strong magnetic dipolar character (Figure 12 ). The modes 2&2'and the modes 4&4' are degenerate. The modes 2&2' are composed of two different sets of current loops whose magnetic dipole moments are antiparallel and the modes 3&3' are composed of four identical sets of current loops with alternating magnetic dipole moments. The vortex current modes 4&4' are composed of two different sets of loops and show the same mirror symmetry of the modes 2&2'. As for the circle the number of vortexes is conserved as l / λ increases (Figures 12-14) , and the mode patterns are substantially preserved. The amplitudes of the electric dipole moments are negligible for the modes 1 and 3, while they reach significant values for the modes 2&2', 4&4' in the "retarded" regime.
Considering a square, we find that the behaviors of the vortex current modes and of the eigenconductivities are similar to those of the circle. But, if we turn the square into a rectangle, as the ratio between the two edges increases, the vortexes align themselves and two adjacent vortexes are always contra-rotating. A detailed description is given in Supplementary Materials. In the limit of very high aspect ratio the eigen-conductivity of all the vortex modes diverge.
III.2 Current modes and eigen-conductivities for a closed surface
In this Section, the behavior of the current modes and of the eigen-conductivities for a spherical surface is investigated. In Figure 17 , the real parts of the first three source-sink and vortex current modes ( n = 1,2,3 ) of a spherical surface are shown. In this case, the distributions of the current modes are independent of the frequency and spherical surface radius. The sourcesink modes do not have a radial component of the magnetic field, while the vortex modes do not have a radial component of the electric field. They are therefore transverse magnetic (TM), and transverse electric (TE), respectively. Now, the behavior of the eigen-conductivities as a function of the size parameter x = 2π l / λ ( ) is shown; l is now the radius of the spherical surface. Figures 18(a) and 18(b) show, respectively, the behavior of the real part and imaginary parts of the eigen-conductivities of the first two source-sink current modes as In the end, note that Im ! n { } for both source-sink and vortex modes diverges in correspondence of an infinite countable set of the size parameters x , which coincide with the resonant values of the normalized radius of a spherical cavity bounded by a perfect electric conductor. Specifically, with black and red dots, Figure 18 highlights the values of x in correspondence of which the cavity resonates. They are given by [30, 31] 
IV. Scattering from 2D object and resonant conditions
The width and the amplitude of the resonance peaks depend on the losses in the material and on the radiation losses. The real part of the eigen-conductivities of both types of current modes becomes negligible only in the long wavelength limit; otherwise, it is in the order of magnitude of 1. Furthermore, for open surface the imaginary part of the eigen-conductivities is always positive for the vortex current modes and it is either positive or negative for the source-sink current modes depending on the values of the normalized body size. In the long wavelength limit it is negative. Therefore, narrow resonant source-sink current modes can be mainly excited in conducting 2D materials and narrow resonant vortex current modes can be only excited in 2D dielectric materials, unless active materials are used.
For the purpose to exemplify, the current mode expansion (2) is now used to study the scattering from a disk illuminated by a linearly polarized plane wave (with unitary amplitude), propagating normally to it: in a graphene disk source-sink current modes may be resonantly excited, while in a silicon thin disk vortex current modes may be excited resonantly. In particular, the scattering efficiency and the amplitude of the near electric field are evaluated and the contributions of the different current modes are highlighted.
IV.1 Disk with negative imaginary part of the surface conductivity
Firstly an example of material with negative imaginary part of the surface conductivity is considered: a suspended high-doped (or gated) graphene disk with a radius of 100 nm . The electromagnetic field scattered by it in a wavelength range around 10 µm is analyzed. The incident electromagnetic field is a plane wave linearly polarized, propagating normally to the disk.
For the considered disk radius, the size quantum effects are negligible and, for the considered wavelength range, the interband transitions may be disregarded. Thus the surface conductivity of the graphene is approximated as (e.g., [25] )
where R 0 = π! / e 2 ≅19.9 kΩ , µ is the chemical potential, and τ is the electron relaxation time (due to the scattering of electrons with phonons, τ ≈ 5⋅10 −13 s ). The chemical potential of the graphene is chosen in such a way that the disk resonates at 10 µm on the first source-sink current mode, which has a strong dipolar character. Since l / λ = 0.01, the effects of the radiation losses are negligible. Around 10 µm , the effects of the graphene losses are negligible, too. Therefore, the resonant condition for the n−th source-sink current mode is obtained by choosing the chemical potential in such a way that (material picture):
where the values of α n for the first four source-sink current modes of the disk are given in Table  V . For x = 0.01 and λ = 10 µm this equation gives µ ≅ 0.492 eV (at λ = 10 µm it results ζ 0 σ ≅ −0.114i ). Figure 19 (a) shows the scattering efficiency. A very good agreement is found between the scattering cross sections obtained by using the analytical solution (2) and the scattering cross section obtained by means of a full wave two-dimensional numerical code [32] . This fact validates the solution (2) and the computation of the current modes and the eigen-conductivities. Besides the designed resonance at 10 µm , two Fano resonances emerge in both the spectra of the scattering efficiency and the near field amplitude. Figure 19 
IV.2 Disk with positive imaginary part of the surface conductivity
Now an example of material with positive imaginary part of the surface conductivity is considered: a dielectric thin disk with relative permittivity ε r = 16 (silicon), radius l = 500 nm and thickness Δ = 19.2 nm . The electromagnetic field scattered by it in the wavelength range from 0.5 µm to 1.25 µm is analyzed. The incident electromagnetic field is a plane wave linearly polarized, propagating normally to the disk.
Since the disk thickness ! is much smaller than its radius and the wavelength, the thin disk may be represented as a circle with equivalent surface conductivity given by (3),
Therefore, for the considered dielectric disk, the imaginary part of ! 0 " varies in the interval ( ) obtained by using a three dimensional full wave numerical code [33] .
Figure 20(a) shows the scattering efficiency (black line). Again a very good agreement is found between the scattering cross sections obtained by using the expression (2) and the scattering cross section obtained by means of a full wave three-dimensional numerical code [33] . This fact again validates the solution (2) and the computation of the current modes and the eigenconductivities. Several current modes contribute to the scattered electromagnetic field. The vertical dashed lines in Figures 20(a) 
V. Concluding remarks
The electromagnetic modes and resonances in the full wave electromagnetic scattering from 2D bodies have been investigated for the first time. We have used the concept of materialindependent modes and it is also the first time that the material picture is applied to study resonances in 2D bodies.
The current modes and the corresponding eigen-conductivities are solution of a linear eigenvalue problem. The eigen-conductivity σ n corresponding to the current mode J n is the value that the surface conductivity of the body, normalized to the vacuum admittance 1/ ζ 0 , should have so that the current mode J n is a free source solution of the Maxwell equations. The current modes and the corresponding eigen-conductivities only depend on the geometry of the body and on the frequency, they are independent of the surface conductivity σ . The real part of the eigen-conductivity is proportional to the radiation losses of the current mode; hence, it is always negative. The imaginary part is proportional to the difference between the time average of the magnetic energy and the time average of the electric energy of the mode hence it may be either negative or positive, depending on the shape of the 2D body and on the normalized body size kl c .
The existence of vortex current modes in addition to source-sink current modes (no whirling modes), which describe plasmonic oscillations, is shown demonstrated for the first time. The current modes show very important topological features that are preserved as kl c varies. The source -sink current modes, which in the long wavelength limit kl c → 0 ( ) are irrotational, are characterized by a number of sources and sinks of the field lines that is conserved as the ratio between the characteristic linear dimension of the body and the wavelength kl c increases.
Similarly, the vortex current modes, which in the long wavelength limit are solenoidal, are characterized by a number of vortexes of the field lines that is conserved. The surface current density induced on the body by an external excitation E inc ! is represented in terms of the current modes. The expansion coefficient of each current mode is equal to σ n / σ n −ζ 0 σ ( ) J n * σE inc ! . The resonant frequency of the mode is the frequency for which σ n / σ n −ζ 0 σ ( ) is maximum. This expansion reveals the important physical mechanisms involved in the electromagnetic scattering and can greatly improve the way it is understood and optimized.
Illustrative examples for open surfaces (disk, equilateral triangle, rectangle) and a closed surface (spherical surface) are given. The diagrams on the complex plane of the loci of the eigenconductivities show some very important general properties. The analysis of these loci is propaedeutic to the understanding of the scattering from the object: they determine the resonance frequencies of the current modes once the material is assigned.
The scattering efficiency and the amplitude of the near electric field of a disk with either positive or negative imaginary part of the surface conductivity were presented and analyzed, and the contribution of the important current modes was highlighted. Unlike the source-sink current modes, in open surfaces the vortex current modes can be resonantly excited only in materials with positive imaginary part of the surface conductivity.
To deal with homogeneous and isotropic materials that are dispersive both in time and space we have to operate in the frequency and wavenumber domains, this is an open problem. Equation shortcoming is that the inhomogeneity and/or the anisotropic/bianisotropic couple the eigenmodes of the linear operator L and to obtain the solution of equation (1) we have to invert a matrix.
